Abstract. Graph states are quantum states that can be described by a stabilizer formalism and play an important role in quantum information processing. We consider the action of local unitary operations on graph states and hypergraph states. We focus on non-Clifford operations and find for certain transformations a graphical description in terms of weighted hypergraphs. This leads to the indentification of hypergraph states that are locally equivalent to graph states. Moreover, we present a systematic way to construct pairs of graph states which are equivalent under local unitary operations, but not equivalent under local Clifford operations. This generates counterexamples to a conjecture known as LU-LC conjecture. So far, the only counterexamples to this conjecture were found by random search. Our method reproduces the smallest known counterexample as a special case and provides a physical interpretation.
Introduction
Multiparticle entanglement is central for many protocols in quantum information processing. When studying its effects and properties, one often focuses on special families of states with certain symmetries or a compact description. Two relevant families of pure multiparticle states are graph states and hypergraph states. Graph states are described by mathematical graphs, where the vertices correspond to the qubits and the edges represent particular interactions between them [1, 2] . A generalization of these states are hypergraph states [3] [4] [5] [6] [7] [8] [9] [10] . In a usual graph an edge connects only two vertices, but in a hypergraph an edge connects an arbitrary subset of vertices. It follows that hypergraph states are generated by multiparticle interactions and not only by two-particle ones. Both families of states have found many applications: Graph states are relevant for quantum error correction [11, 12] and measurement-based quantum computation [13] , while hypergraph states occur in certain quantum algorithms [5] and violate Bell inequalities in a robust way [10] .
Entanglement is a property independent of the local basis, so it is important to study equivalence classes under local unitary (LU) transformations. States that are LU equivalent have the same entanglement properties and are useful for exactly the same tasks. For graph states it has turned out that different graphs may describe the same state up to LU transformations. The question arises, whether such an equivalence can be checked easily for two given graphs. For a small number of qubits, it was realized that a certain discrete subset of LU transformations, the so-called local Clifford (LC) transformations, are the only relevant transformations [1, 14, 15] . Clifford transformations are defined by their property of leaving the Pauli matrices invariant. It was also shown that the action of LC transformations on graph states corresponds to a certain transformation of the graph, called local complementation [16] . In this way, the equivalence of two graphs under LC transformations can easily be checked in a graphical way [17] .
The fact that LC transformations are sufficient to characterize LU equivalence for up to eight qubits led to the conjecture that two graph states are LU equivalent, if and only if they are LC equivalent [18] . After formulation of this conjecture, some evidence in favor of it has been given and it was shown to be equivalent to a property of quadratic forms over the binary field F n [18] [19] [20] . This LU-LC conjecture, however, is false [21] . Zhengfeng Ji and coworkers found a counterexample for 27 qubits based on the relation of the LU-LC conjecture to quadratic forms. The counterexample itself was found numerically by random search and does not give significant insight into the question how it may be generalised. Also, the two corresponding graphs that are not LC equivalent do not reveal any structure helping to understand the problem.
In this paper we clarify this situation. To do so, we study non-Clifford transformations of graph and hypergraph states in a systematic way. First, we consider the application of the transformation U = (σ x ) α on a single qubit. This is an LC transformation for α = ±1/2 or α = ±1, but we derive a graphical rule for general α in terms of weighted hypergraph states. This shows that weighted hypergraph states, initially introduced as locally maximally entangleable (LME) states in Refs. [22, 23] , are the natural framework to study this problem. Equipped with these rules we obtain several insights: First, we give an example of a graph state that is LU equivalent to a hypergraph state with edges of higher cardinality. This shows that sometimes many particle interactions are not needed for generating hypergraph states. Second, we present a family of pairs of graph states that are LU equivalent, but not LC equivalent. All these examples rely on some bipartite structure of the underlying graph. We first discuss a 28 qubit example, for which the main idea is easy to understand. Then, we demonstrate that the same idea can be used to construct an example with 27 qubits. This example is then shown to be equivalent to the example from Ref. [21] . More specifically, the example in Ref. [21] can be transformed into our example by LC operations and permutations of the qubits. Finally, we conclude and discuss further open questions.
Hypergraph states and weighted hypergraph states
Let us start by introducing graph states and hypergraph states. A graph is a set of vertices and some edges connecting them. A hypergraph consists also of a set of vertices and edges, but now the edges are allowed to connect more than two vertices. Some examples of graphs and hypergraphs are shown in Fig. 1 . Of course, any graph is also a hypergraph, so we can write down the definitions for hypergraphs only, they also hold for usual graphs. More details on the general theory of hypergraph states can be found in Refs. [3, 6] . Given a hypergraph H with N vertices we can associate to it a pure quantum state on N qubits in the following way: Any vertex corresponds to a qubit and any qubit is prepared in the state |+ = (|0 +|1 )/ √ 2. Then, one applies for each edge a multi-qubit phase gate. For an edge e containing k vertices, this gate is given by
and acts on the qubits connected by e. The phase gate C e acts trivially on all other qubits. So, if we have an element of the computational basis, this vector acquires a sign flip, if and only if it has only 1-s on every qubit contained in e. The hypergraph state is the state after application of all phase gates, ‡
Note that all the phase gates commute, so the order of the product does not matter here.
It is convenient that hypergraph states coincide with states which have real and equal weights for any member of the computational basis [3] . These states can be written as
‡ Note that here and in the following we sometimes use a simplified notation. First, we talk of the "egdes" of a hypergraph, although the term "hyperedges" would be more precise. Second, we write e ∈ H to denote edges from H, but formally H is a pair, consisting of a set of vertices and a set of hyperedges.
where f (x) ∈ {0, 1}. A further very useful fact about hypergraph states is that they can be described by a (non-local) stabilizer. This means that there exists an abelian group of 2 N observables S i and the hypergraph state is the unique eigenstate of all these observables, that is S i |H = |H for all i. This offers an alternative definition of hypergraph states, but this is not so important for our approach. For the case of usual graph states, the stabilizer is local, that is, the S i are tensor products of Pauli matrices.
The starting point for our discussion is that different hypergraphs may describe the same hypergraph state up to LU transformations. Let us discuss this first for the special case of graph states. One can ask whether for two different graphs G 1 and G 2 the relation
holds. Here, the U i are unitary transformations on the respective qubits. For a small number of qubits (N ≤ 8) it has turned out that it is sufficient to consider only special unitaries U i from the Clifford group when deciding LU equivalence [1, 18] . These unitaries leave by definition the set of Pauli matrices invariant, i.e., U σ i U † = ±σ π(i) , where π(·) is some permutation. This is a discrete set, consisting of elements like σ i and √ σ i and the Hadamard transformation. Moreover, the action of local Clifford (LC) operations graph states has a graphical interpretation in terms of a local complementation of the graph. In this operation, a single vertex is picked and its neighbourhood is inverted, an example is explained in Fig. 1 . One can show that this transformation corresponds to an LC transformation on the graph state and, conversely, any LC transformation between graph states can be written as a sequence of local complementations [16] .
Of course, given this restricted set of operations with a clear interpretation, it is much easier to decide whether two graph states are LC equivalent. Since LC transformations are sufficient for small systems, it is tempting to conjecture that any LU equivalent pair of graph states is also LC equivalent. This is the LU-LC conjecture. This conjecture is wrong, however, and it is one of the main goals of this paper to develop a systematic procedure to generate counterexamples to this. Concerning LU equivalence of hypergraph states containing edges with three or more vertices, it was shown in Refs. [6, 7] that for N ≤ 4 all the LU equivalent states are equivalent under a simple application of the Pauli matrices (that is, even a smaller subset than the LC transformations), while for N ≥ 5 this is not the case [24] . Still many open questions remain. For instance, LU transformations between graph states and hypergraph states have not been identified so far. We will later present an example of a graph state and a hypergraph state containing three-edges, which are LU equivalent.
Let us finally discuss weighted hypergraph states, as they are a main tool to formulate our graphical rules later. Instead of the multiqubit phase gate in Eq. (1) we consider the generalization with an arbitrary phase,
For α e = 1 this is just the phase gate from above. § Then, the weighted hypergraph state is defined as
and it can be represented by a hypergraph where each edge carries the weight α e . We can also express the weighted hypergraph state as a (not necessarily real) equally weighted state
Contrary to Eq. (3) the values of the function f (x) are not necessarily in {0, 1}, but can be any real values. These equally weighted states were originally invented as LME states due to their property of being maximally entangleable to auxiliary systems using only local operations [22] . We will see that the actions of powers of Pauli gates to hypergraph states will in general give us such an LME state. Thus LME states are the fundamental objects if one wishes to study unitary transformations of graph states or hypergraph states.
The power of a single-qubit gate
In this section we derive some facts about the power G α of some single-qubit unitary G for an arbitrary real α. This will be needed later for giving the LU transformation a graphical description.
We consider unitary operators G that satisfy the condition G 2 = 1. This condition is equivalent to the statement that G is also a hermitian operator, or alternatively to the statement that all eigenvalues of G are ±1. Such operators obey the following formula:
From this formula it is natural to define G α for any real α as:
Note that even for scalars non-integer powers are not uniquely defined, thus it is natural that the same occurs with matrices. For example, each Pauli matrix squares to the identity matrix and thus could be considered to be 1 1 2 . The definition above, however, chooses one particular option out of all possible choices for G α . This definition has some natural properties of usual exponentiation. For example as one would expect: G 1 = G and G n defined this way coincides with the usual definition § Note the factor π in the exponent. This is used here for later convenience, but it is not used in Refs. [22, 23] .
of integer powers of a matrix. This definition also coincides with the definition of C αe e for weighted hypergraph states. Moreover, the following equation holds:
It is important, however, to realize that in general the power of a product of matrices G 1 and G 2 does not always coincide with product of powers, even if G 1 and G 2 commute,
This is because our definition selects one option out of several for defining the power of a matrix. To give an example that is useful later, we consider single-qubit phase gates
acting on a two-qubit system. Then the product of their powers and the power of their products can be expressed as follows:
Thus we need the two-qubit phase gate C −2α
{1,2} as a correction term to obtain (
where
In this example, we have seen that powers of single-qubit operators naturally lead to weighted multi-qubit unitaries. In the following section, we will see a more general formula for powers of such product operators.
A graphical rule for the action of X α on a hypergraph state
In this section, we formulate graphical rules for the action of some local unitaries on hypergraph states. We consider powers of the Pauli matrices σ x , σ y and σ z . From now on, we will abbreviate the Pauli matrices simply by X, Y , and Z. First, if the Pauli Z gate acts on qubit i with some power α, the action of
to the hypergraph state is easy to describe in terms of a weighted hypergraph. Such gates just add weight α to the edge e = {i} that contains the single qubit i. On the other hand, the Pauli gate Y α , in general, does not transform hypergraph states into hypergraph states, it leads out of the space of weighted hypergraph states.
So let us focus on the Pauli X gate. With the power α = 1 it always transforms hypergraph states into hypergraph states and its effects are well known [4, 6] . Specifically, applied to the i-th qubit of the hypergraph state |H = ( e∈H C e )|+ ⊗N it produces the state C ∆ i H |H where C ∆ i H is a diagonal unitary operator defined as follows: C ∆ i H causes the appearance (or disappearance if they are already present) of all edges in the hypergraph ∆ i H. The hypergraph ∆ i H is formed by taking all edges in H that contain the vertex i and removing the vertex i from each of them,
The proof of this rule follows from the commutation relations between the X i and the phase gates C e , see Ref. [6] for many examples of this rule. Let us now consider the action of the X α i gate on a hypergraph state |H . Since X α i can be decomposed into a weighted sum of 1 and X i gates, its action on |H state is easy to characterize:
Thus we see that the result of X α i acting on |H is the same as the result of C
To understand the graphical interpretation of this action, we need to look at C α ∆ i H and decompose it into actions of gates that change the weight of single hyperedges. In general, C ∆ i H is a product of several hyperedge gates, C ∆ i H = C e 1 C e 2 . . . C e k , and for taking the power we have to recall that (
Thus we need to study the decomposition of powers of products of individual edge producing gates.
To calculate C α ∆ i H , we need to look at the eigenspace of C ∆ i H with eigenvalue −1 and change its eigenvalue to e iπα . Since C ∆ i H is diagonal in the computational basis, this eigenspace is spanned by vectors in the computational basis. In fact, it is spanned by all vectors in the computational basis that are contained in the symmetric difference gate on the first qubit of the four-qubit star graph produces three single-qubit edges {2}, {3} and {4} with weights (denoted by ) of the −1 eigenspace basis-vectors of all the edges in ∆ i H. We can compute the indicator function I k i=1 e i of the symmetric difference of k sets using a formula similar to the inclusion-exclusion principle,
Using this formula, we can obtain an expression for powers of products of C e gates. The simplest case was already discussed in the previous section:
and generally
Thus the effect of the X α gate on qubit i in a hypergraph state |H is the following:
• For each edge e in A i = {e ⊂ {1, . . . , N }|i / ∈ e , e ∪ {i} ∈ H} add weight α to the edge e in the hypergraph.
• For each pair of edges {e 1 , e 2 ∈ A i |e 1 = e 2 } subtract weight 2α from edge e 1 ∪ e 2
• For each triplet of distinct edges {e 1 , e 2 , e 3 ∈ A i } add weight 4α to the edge e 1 ∪ e 2 ∪ e 3
• In general: For each k-tuple of distinct edges in e 1 . . . e k ∈ A i add weight (−2) k−1 α to the edge ∪ k j=1 e j . An example of these rules is shown in Fig. 2 . We can easily see that if α = 1 all the terms with unions of two or more edges add weight that is a multiple of two. Since C 2 e = 1 we only need to consider the weight modulo two, so these terms act trivially on the hypergraph. The remaining terms correctly describe the action of Pauli X gate on the hypergraph. , all the terms with triple or larger unions add weight that is a multiple of two and thus act trivially. Therefore only terms with single edges and pairs of edges remain. If we look at the effect graphically we can see that this corresponds (up to some single-vertex actions of weight 1/2) to the local complementation operation of the graph state around vertex i (see Fig. 1 ). This is again to be expected, since X For other values of α we can obtain interesting examples of transformations of graph and hypergraph states. Some of these can be obtained using Clifford gates only, but some others require the use of non-Clifford gates. Such examples, along with proofs that they cannot be obtained using Clifford transformations, are described in following sections.
Graph states and hypergraph states can be LU equivalent
In order to see how our graphical rule is useful, we now describe an example of a hypergraph state that is LU equivalent to a normal graph state. The trick that we use is later relevant for constructing counterexamples to the LU-LC conjecture.
We have seen already in Fig. 2 how a X 1 4 gate can create a three-edge acting on a graph state, but we also created some other edges with fractional weights. To obtain a pure hypergraph state with no fractional weight edges, we will need to cancel the fractional edges by other fractional power gates. Consider an example where we have a four-qubit star graph as before, but now each pair of non-central qubits is also connected to a different vertex. As shown on Fig. 3 , if we apply X 1 4 on the central qubit of the star graph, we obtain a three-hyperedge with several fractional two-edges and one-edges.
However, as demonstrated in Fig. 4 we can cancel the partial two-edges by applying X − 1 4 on the three qubits that connected to pairs of affected vertices. These gates will cancel the two-edges, but since two of them add weight − 1 4 to every single-qubit edge, each single-qubit edge weight will reverse from 1 4 to − 1 4 . This leaves us nearly with a hypergraph state, we only need to cancel the fractional single qubit edges. For this we can just use local Z 1 4 gates on those qubits and obtain a hypergraph state. Fig. 5 combines all three steps and shows how a graph state can be transformed into a hypergraph state with a three-edge. Since LC actions cannot transform a graph state into a hypergraph states, this gives us an example of two hypergraph states that are LU equivalent, but not LC equivalent.
Generating counterexamples to the LU-LC conjecture
In this section we will show how to systematically generate pairs of graph states that are LU equivalent, but not LC equivalent. These are then counterexamples to the LU-LC conjecture. We will show how to construct an example with 28 qubits, but our example generalises to more qubits. In the following section, we will also construct a counterexample with 27 qubits, but the construction with 28 qubits is simpler, so we explain it first.
Consider the graph G 1 from Fig. 6 . This is a bipartite graph with seven vertices on one side (the "left" side) and 7 5 = 21 vertices on the other side (the "right" side). Each vertex on the right side corresponds to a set of five vertices on the left side and is connected with an edge to exactly those five vertices. For a possible generalization, an analogous construction with n = 8k − 1 vertices on the left side and n 5 vertices on the right side works as well. We can also obtain a similar construction if we take n = 8k − 1 vertices on the left side and n 4 vertices on the right, each of which is connected to a unique set of four vertices on the left. But for the sake of simplicity we consider the graph from Fig. 6 in the following.
Let us see what happens if we perform X 1 4 on every vertex on the right side:
• Each single-qubit edge on the left side will appear with weight 1 4 , multiplied with the number of neighbours the qubit has (which is 6 4 = 15). Thus we will have all single-qubit edges with weights of 15 4 , but we can easily cancel these by applying the Z − 15 4 gates to every qubit on the left side.
• Each two-edge between vertices on the left side will appear with weight − = 10, thus every edge will appear with weight −5, which is equivalent to 1 modulo 2. Thus we will make every possible two-edge on the left side appear.
• Each three-edge will appear with weight 1, multiplied with the number of qubits on the right that are connected to all three qubits in the edge. There are = 6 such qubits. Thus the three-edge will appear with weight 6, which is equivalent to not appearing at all, since the weights are counted modulo 2.
• All four-edges and five-edges appear with weights that are multiples of 2, which is also equivalent to not appearing at all.
Thus the graph state of the bipartite graph G 1 described above is LU equivalent to the graph state of graph G 2 , which has the same edges between the two parts as G 1 and also has no edges between vertices on the right side but, unlike G 1 , all the vertices of G 2 on the left side are connected to each other. Now we need to show that G 2 cannot be obtained from G 1 by local Clifford operations only. It has been shown [16] that any Clifford transformation can be decomposed into a series of local complementation operations on the graph state. Using this fact, we break our proof into two parts.
(i) First we show that G 2 cannot be obtained from G 1 using only local complementation operations on vertices in the right hand side of the graph.
(ii) Then we show a general Lemma, stating that if we can obtain a graph state G 2 from a bipartite graph state G 1 , and G 2 only differs from G 1 by edges between vertices on the left side, then it must be the case that local complementations of the right side suffice to produce the transformation. Together with the first part this will complete the proof.
First part of the proof. -The first part of the proof is quite simple. We only need to observe that each local complementation operation on vertices in the right-hand side affects 5 2 = 10 edges. Since that is an even number, the parity of the number of edges on the left always remains even (as it started from the even number zero). Thus, it must be even at the end of the transformation. However, 7 2 = 21 is an odd number. This shows that we can never obtain all edges on the left-hand side using only local complementations on the right side.
Second part of the proof. -In this part we to show that if the graph state |G 2 can be obtained from |G 1 using Clifford operations, then there must be a set of vertices on the right side, such that G 1 is transformed into G 2 by performing local complementation operations on exactly those vertices. We will show this by proving a more general fact that works for almost any bipartite G 1 , that is, any graph G 1 that can be divided into two sides with edges running only from one side to another and never within one side. We will also use the fact that there is a path from every vertex to every other vertex in G 1 , which means that G 1 is connected. The mathematical result is the following: Lemma. Let G 1 be a connected bipartite graph that has k 1 vertices on the left side of the bipartition and k 2 on the right side, with k 1 = k 2 . Let G 2 be a graph with the same vertices and the same edges between the two sides, but some extra edges added on the left side of the graph. Then, if the graph state |G 1 can be transformed into graph state |G 2 using local Clifford gates, the graph G 1 can be transformed into G 2 using local complementation applied to vertices on the right side only.
Proof. It has been shown in Ref. [16] that whether two graph states are equivalent under LC operations can be determined using a set of equations over the binary field. Specifically, let us consider the stabiliser matrices S 1 and S 2 of the corresponding graphs G 1 and G 2 as 2n × n matrices, where n is the total number of vertices in each graph. These matrices have the adjacency matrix of the corresponding graph in the top part and the identity matrix in the bottom part, i.e.,
with θ 1 and θ 2 being the adjacency matrices of the corresponding graphs. Then the graph states |G 1 and |G 2 are LC equivalent if and only if there exists a binary matrix Q of size 2n × 2n with a block structure
where A, B, C and D are diagonal and satisfy the following equations:
and
Substituting S 1 and S 2 into Eq. (26) we obtain the following criterion:
In our case the first graph G 1 is bipartite and the second one is obtained from the first one by adding some edges on one side of the graph. Thus the matrices θ 1 and θ 2 have the following special forms:
where η is the adjacency matrix of the subgraph on the left side generated by the transformation, and ζ is an k 1 × k 2 matrix that shows which vertices on the left side are adjacent to which ones on the right side. We also use the fact that, since all of A, B, C and D are diagonal, they can be written as:
with all the nonzero upper parts sized k 1 × k 1 and all the nonzero lower parts sized
Then, Eq. (27) gives us the following condition:
Thus we have four matrix equations over the binary field:
Let us analyse Eq. (32) first. Since both A l and D u are diagonal, the terms ζA l and D u ζ correspond to some selections of columns and rows of ζ respectively. These two terms need to sum to zero, which is the same as being equal over the binary field. But for every i, such that (A l ) ii = 1 we have a full column i of ζ in ζA l , and thus for every position j where ζ ij = 1 we must also have the j-th row in D u ζ. Therefore, we need to have (D u ) jj = 1. In graph theoretic terms, whenever we have (A l ) ii = 1 we need to have (D u ) jj = 1 for every vertex j that is connected to i. Similarly, whenever we have (D u ) jj = 1, we must have (A l ) ii = 1 for every vertex i connected to j. But since the whole graph is connected, the matrices A l and D u must simultaneously both be zero matrices or both be identity matrices of their respective dimensions. Hence, we have two cases to consider:
is zero for all i both in the upper and in the lower parts of the matrix. Thus B ii C ii has to be one everywhere, T are rectangular matrices and cannot have rank more than the min(k 1 , k 2 ). This means that ζ T ζ and ζζ T must also have rank no higher than min(k 1 , k 2 ) and since k 1 = k 2 this contradicts at least one of the equations ζζ 
Let us look what happens to the adjacency matrix if we apply local complementation on vertex j on the right side. This changes the matrix η. As we know, we affect edges that connect pairs of vertices neighbouring vertex j. Thus the part η of the adjacency matrix will change by the matrix ζO j ζ T (up to a diagonal correction), where O j is a matrix with zeros everywhere except on the j-th entry of the diagonal, which contains a 1.
Let us take the set of vertices j on the right side, such that (C l ) jj = 1. If we start from graph G 1 and apply local complementation to exactly those vertices, then we produce the following adjacency matrix on the left:
Thus we obtain the adjacency matrix η (up to a diagonal correction, parametrized by B u ) using local complementations on the vertices j with (C l ) jj = 1 the right side. Since local complementations produce graph states from graph states the diagonal entries of η and our resulting adjacency matrix will also match. Thus as we wanted to show, if there is any LC transformation that produces the graph state with the desired form, then local complementations on vertices in the right side suffice for such a transformation. This theorem completes the proof that the examples of LU equivalent graph states from above cannot be transformed into each other by means of LC transformations. Note that we did not need the lower right side of the adjacency matrix θ 1 to be zero. Thus our proof could be generalised to the case when the initial graph is not bipartite, but has some edges connecting right side qubits to each other. However we still need to require that the final graph has no edges connecting right side qubits to each other. In this case we would see that any local Clifford transformation could be achieved by first cancelling the edges on the right side using local complementations on the left and then creating the edges on the left side by using local complementations on the right. However, our construction does not need such a generalised version of the theorem.
A counterexample to the LU-LC conjecture with 27 qubits
So far, we have presented a family of counterexamples to the LU-LC conjecture, the smallest one having 28 qubits. In the literature, however, the smallest explicit counterexample has 27 qubits and has been found by numerical search [21] . So, one may ask whether our construction and the known example are related.
Indeed, with our methods we can directly construct the known counterexample and understand why it is a counterexample. Consider the graph with 27 vertices shown in Fig. 7 . This is a slight modification of the graph in Fig. 6 discussed before. It is a bipartite graph with six vertices (the central vertices) in one part of the bipartition and 21 vertices (the left and the right vertices) in the other part. As before, one can directly verify the following facts:
• If we apply X 1 4 on all the 21 qubits on the right-hand side and one the left-hand side, any possible two-edge between the central qubits will be created with weight one. Higher-order edges will not be created. In addition, any single-qubit edge on the central qubits will occur with weight 15/4, but this can be corrected by local Z gates on the central qubits.
• The number of created two-edges on the central qubits is 15 = 6 2 , which is odd. This cannot be created by local complementation using qubits on the right side or the left side, since each of these local complementations changes an even number of edges (either 10 = ) on the central qubits.
• Finally, the Lemma from the previous section proves that it is sufficient to consider these special local complementations.
So, the graph in Fig. 7 is a counterexample to the LU-LC conjecture. The graph before and after this transformation is also shown in Fig. 8 (a) and (b) . It remains to show that this example is equivalent to the example from Ref. [21] . The adjacency matrix is explicitly given in that reference, so one may be tempted to check the LC equivalence directly by solving the equations over the binary field as outlined in the previous section [16, 17] . This, however, is not feasible, as there are 27! ≈ 10 28 permutations of the vertices which have to be taken into account. Nevertheless one can find the sequence of local complementations and permutations using the following ideas:
• The first observation is that the graph from Ref. [21] is bipartite, also with six vertices on the one side and 21 vertices on the other side.
• The second observation is that certain types of sequences of local complementations of the graph from Fig. 7 do not change the property that it is bipartite, but the partition changes. For instance, if we perform a local complementation on the six central vertices, then the local complementation on some other vertices {a, b, c, . . . } on the other side, then local complementation on the six central vertices again, and finally on the vertices {a, b, c, . . . } again, the graph typically stays bipartite (again with a 6 vs. 21 splitting), but the qubits are permuted and the two parts have changed.
• Considering such transformations, one finds with some exhaustive search transformations which transform the graph from Fig. 7 to a graph with the same degree distribution as the graph from Ref. [21] . More specifically, the set {a, b, c, . . . } consists of six qubits, four on the right side and two on the left side. For these transformations and with the help of the given degree distribution one finds a final permutation to map one graph to the other.
With this method we were able to show that under local complementation the initial state in Ref. [21] is equivalent to our state from Fig. 7 , and the final state from Ref. [21] is also equivalent to our final state. The corresponding graphs are also displayed in Fig. 8 and a Mathematica file with the explicit calculation is contained in the supplementary information [25] . This proves that our method explains the numerically found counterexample from Ref. [21] .
The example with 27 qubits is the smallest example that we could find with our methods. As stated in Ref. [21] , also the numerical search gives as a minimal example the example with 27 qubit. It would be interesting to decide whether this is indeed the smallest possible example. Finally, we should add that further counterexamples to the LU-LC conjecture have been found by M. Grassl and B. Zeng [26] . They found counterexamples for N ∈ {27, 28, 35, 36, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 54, 55, 56, 59, 60, 76, 115, 116, 123, 124, 131, 132} using randomized combinatorial search and methods from coding theory. With our methods, we were not able to find counterexamples for all of these values of N . This suggests that our construction is not the only way for generating counterexamples and more refined construction methods may be found.
Conclusion
In summary, we have investigated the action of local unitary transformations beyond local Clifford operations on graph states and hypergraph states. For the action of X α i gates we found a graphical rule in terms of weighted hypergraphs. Using this rule, we showed an example where hypergraph states and graph states are locally equivalent. We also provided a method to generate systematically counterexamples to the LU-LC conjecture. This also allowed to understand a previously known counterexample.
For further research, there are several open questions. First, it would be interesting to explore the application of our rule to hypergraph states. For instance, it has been suggested that if one has two hypergraph states where one has only k-edges and the other has only -edges then they may be locally inequivalent [3] . Our graphical rule may be useful to find counterexamples to this question. Another interesting problem is to find graphical rules for other local transformations. They may not be applicable in all situations, as the transformations may, in general, lead out of the space of weighted hypergraph states. Nevertheless, for a restricted class of states such transformations and rules may be possible.
